For two given graphs G 1 and G 2 , the Ramsey number R(G 1 , G 2 ) is the smallest integer N such that, for any graph G of order N, either G contains G 1 as a subgraph or the complement of G contains G 2 as a subgraph. A fan F l is l triangles sharing exactly one vertex. In this note, it is shown that R(F n , F m ) = 4n + 1 for n ≥ max{m 2 − m/2, 11m/2 − 4}.
Introduction
In this note we deal with finite simple graphs only. Let G = (V(G), E(G)) be a graph. and G − S the subgraphs induced by S and V(G) − S , respectively. For two vertexdisjoint graphs G 1 and G 2 , G 1 ∪ G 2 denotes their disjoint union and G 1 + G 2 is the graph obtained from G 1 ∪ G 2 by joining every vertex of G 1 to every vertex of G 2 . We use mG to denote the union of m vertex-disjoint copies of G. A complete graph of order m is denoted by K m . A star S n is K 1 + (n − 1)K 1 and a fan F n is K 1 + nK 2 .
Given two graphs G 1 and G 2 , the Ramsey number R(G 1 , G 2 ) is the smallest integer N such that, for any graph G of order N, either G contains G 1 as a subgraph or G contains G 2 as a subgraph, where G is the complement of G. Chvátal and Harary [2] constructed a general lower bound which often yields the exact values of R(
where G 1 is a connected graph and χ(G 2 ) is the chromatic number of G 2 . Burr [1] generalised this lower bound by using another parameter s(G 2 ), called the chromatic surplus of G 2 , which is defined as the minimum number of vertices in some colour class under all proper vertex colourings of G 2 by χ(G 2 ) colours.
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Burr defined G 1 to be G 2 -good if the equality holds in Theorem 1.1. Based on this definition, one may ask, for a given graph G, which graphs F are G-good? This generated many questions in Ramsey theory and results were established for some special graphs G such as a tree, a cycle, a complete graph and so on. When G is a fan, Li and Rousseau showed that F n is F 1 -good for n ≥ 2 and obtained lower and upper bounds for R(F n , F m ) in terms of n and m. Theorem 1.2 [4] . R(F n , F 1 ) = 4n + 1 for n ≥ 2; and 4n
Recently, Lin and Li proved that F n is F 2 -good for n ≥ 2 and improved the upper bound for R(F n , F m ) in Theorem 1.2. Theorem 1.3 [5] . R(F n , F 2 ) = 4n + 1 for n ≥ 2; and R(F n , F m ) ≤ 4n + 2m for n ≥ m ≥ 2. Theorems 1.2 and 1.3 say that any F n with n ≥ 2 is both F 1 -good and F 2 -good. For a given m ≥ 3, can we decide when F n is F m -good? Lin et al. established an approximate result by using the Erdős-Simonovits theorem. Theorem 1.4 [6] . R(F n , F m ) = 4n + 1 for sufficiently large n.
It is not difficult to see that F n is not always F m -good for n ≥ m ≥ 2. In fact, we can prove that R(
we must have m ≥ 4 here. There exist positive integers p, q such that 2n + 1 = pm + q and 1 ≤ q ≤ m. Let H = pS m ∪ S q if q 1, and
It is easy to check that H is a graph of order 2n + 1 with δ(H) ≥ 1, and that H contains neither S m+1 nor mK 2 . Let H = K 2n ∪ H. Then H contains no F n and H contains no
In this note, our main goal is to determine a range of n with respect to m such that F n is F m -good for a given m ≥ 3. Our main result is as follows.
Remark 1.6. Since F n is not F m -good for m ≤ n < m(m − 1)/2, we wonder whether F n is F m -good for n ≥ m(m − 1)/2. If this is true, then we can see that the range n ≥ m(m − 1)/2 is best possible.
Proof of Theorem 1.5
In order to prove Theorem 1.5, we need the following two lemmas.
Lemma 2.1 [5] . R(F t , sK 2 ) = max{s, t} + s + t. Proof of Theorem 1.5. The lower bound R(F n , F m ) ≥ 4n + 1 is implied by the fact that 2K 2n contains no F n and its complement contains no triangle and hence no F m . It remains to prove that R(F n , F m ) ≤ 4n + 1 for n ≥ max{m 2 − m/2, 11m/2 − 4}. Let G be a graph of order 4n + 1 with n ≥ max{m 2 − m/2, 11m/2 − 4}, and suppose to the contrary that G does not contain an F n and G does not contain an F m . If ∆(G) ≥ 2n + m, let x be a vertex with d(x) = ∆(G) and H = G[N(x)]. By Lemma 2.1, either H contains nK 2 , which, together with x, forms an F n , or H contains an F m , which is also a contradiction. Thus, we have ∆(G) ≤ 2n + m − 1 and δ(G) ≥ 2n − m + 1.
contains a subgraph H v which satisfies one of the following conditions: Moreover, there exists
on 2n − m + 1 vertices and M = {x 1 y 1 , . . . , x t y t } a maximum matching of H 1 and
We deduce that t ≤ m − 1, since otherwise M together with v forms an F m in G, which is a contradiction. Since M is a maximum matching in H 1 , H 2 = K 2n−m+1−2t . By the maximality of M, we can see that if 
we can find an M-augmenting path in H 1 , which contradicts the maximality of M. Thus, y p y q ∈ E(G) for all 1 ≤ p < q ≤ s.
If s = m − 1, then t = m − 1 and so If s ≤ m − 3, we let l = s and
and |H v | ≤ 2n − 2m + 3 by Claim 1, we let V 1 ⊆ V 1 be such that V(H v ) ⊆ V 1 and
Now we prove that there exists some z 0 ∈ V 1 such that d V 1 (z 0 ) = 2n. By Claim 1, . Because n ≥ max{m 2 − m/2, 11m/2 − 4}, m ≥ 2 and l ≤ m − 3, it is easy to check that q ≤ 2n. Thus, there is a vertex z 0 ∈ V 1 such that d V 1 (z 0 ) = 2n. Since G[X v − {z 0 }] is a complete graph of order at least 2n − 3m + 2, and every vertex of V 1 − X v has at least 2n − 3m + 2 − (m − 1) ≥ n adjacent vertices in X v , we can always find a perfect matching in G[V 1 − {z 0 }], which, together with z 0 , forms an F n , which is a contradiction. This completes the proof.
